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From last week�s lecture: A stochastic small open economy model

� Model ingredients:

� Asset structure: riskless bond which pays a constant real interest rate r

� Preferences:

Ut = Et

24 1X
s=t

�s�tu(Cs)

35
where

u(C) = C � a0
2
C2; a0 > 0

and

� =
1

1 + r

� Source of uncertainty: endowment follows a stochastic process
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� Question: what are the implications for the current account of a positive inno-
vation to output in period t ("t > 0)?

� General recipe for getting the answer:

1. State the period s budget constraint

2. Iterate on the period t budget constraint to derive the intertemporal budget
constraint (remember transversality condition)

3. State the representative household�s optimisation problem and derive con-
sumption Euler equation

(a) Solve out for consumption from the period s budget constraint

(b) Substitute into expression for lifetime utility

(c) Find the �rst-order condition with respect to bond holdings in period
t+ 1
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4. Combine the consumption Euler equation and the intertemporal budget
constraint to derive expression for consumption in period t as a function of
expected future endowments

5. Derive the closed form for consumption

(a) Use endowment process to get expression for expected future endow-
ments as a function of the endowment in period t

(b) Substitute into expression for period t consumption

6. Use the de�nition of the current account to express the current account as
a function of the endowment in period t

7. Compute impulse responses of the current account to an innovation to
output in period t.
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� Example 1: Endowment follows �rst-order autoregressive process

Yt � Y = �
�
Yt�1 � Y

�
+ "t

where 0 � � � 1 and E ["t] = 0 and E ["t"s] = 0 for s 6=

1. State the period s budget constraint

Bs+1 = (1 + r)Bs + Ys � Cs

2. Iterate on the period t budget constraint to derive the intertemporal budget
constraint (remember transversality condition)

1X
s=t

�
1

1 + r

�s�t
Cs = (1 + r)Bt +

1X
s=t

�
1

1 + r

�s�t
Ys
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3. State the representative household�s optimisation problem and derive the con-
sumption Euler equation

(a) Solve out for consumption from the period s budget constraint

Cs = (1 + r)Bs + Ys �Bs+1

(b) Substitute into expression for lifetime utility

Ut = Et

24 1X
s=t

�s�tu((1 + r)Bs + Ys �Bs+1)

35
= u((1 + r)Bt + Yt �Bt+1) + �Et [u((1 + r)Bt+1 + Yt+1 �Bt+2)]

+ : : :

(c) Find the �rst-order condition with respect to bond holdings in period t+1

u0(Ct) = �(1 + r)Et
h
u0(Ct+1)

i
Ct = Et [Ct+1]

Et [Cs] = Ct
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4. Combine the consumption Euler equation and the intertemporal budget con-
straint to derive expression for consumption in period t as a function of expected
future endowments

1X
s=t

�
1

1 + r

�s�t
Et [Cs] = (1 + r)Bt +

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

Ct

1X
s=t

�
1

1 + r

�s�t
= (1 + r)Bt +

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

Ct
1

1� 1
1+r

= (1 + r)Bt +
1X
s=t

�
1

1 + r

�s�t
Et [Ys]

Ct = rBt +
r

1 + r

1X
s=t

�
1

1 + r

�s�t
Et [Ys]| {z }

EteYt
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5. Derive the closed form for consumption

(a) Use endowment process to get expression for expected future endowments
as a function of the endowment in period t

Yt � Y = �
�
Yt�1 � Y

�
+ "t

Et
h
Yt+1 � Y

i
= �

�
Yt � Y

�
Et
h
Yt+2 � Y

i
= �Et

h
Yt+1 � Y

i
= �2

�
Yt � Y

�
...

Et
h
Ys � Y

i
= �s�t

�
Yt � Y

�
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(b) Substitute into expression for period t consumption

Ct = rBt +
r

1 + r

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

= rBt +
r

1 + r

1X
s=t

�
1

1 + r

�s�t �
�s�t

�
Yt � Y

�
+ Y

�
= rBt +

r

1 + r

1X
s=t

�
�

1 + r

�s�t �
Yt � Y

�
+

r

1 + r

1X
s=t

�
1

1 + r

�s�t
Y

= rBt + Y +
r

1 + r � �
�
Yt � Y

�
= rBt + Y +

r�

1 + r � �
�
Yt�1 � Y

�
+

r

1 + r � �
"t
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6. Use the de�nition of the current account to express the current account as a
function of the endowment in period t

CAt = rBt + Yt � Ct

= rBt + Yt �
 
rBt + Y +

r

1 + r � �
�
Yt � Y

�!

=
1� �

1 + r � �
�
Yt � Y

�

7. Compute impulse responses of the current account to an innovation to output
in period t.

@CAt

@"t
=

1� �
1 + r � �

;
@CAt+1
@"t

=
1� �

1 + r � �
�;
@CAt+2
@"t

=
1� �

1 + r � �
�2

: : :

@CAs

@"t
=

1� �
1 + r � �

�s�t
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04.09.06 19:22 C:\Programfiler\MATLAB704\work\Lectures.m 1 of 1

clear all
%Set parameters
P =  %Impulse response horizons
beta =  %Discount factor
r = (1-beta)/beta  %Exogenous real interest rate
YMEAN =  % Mean output level
rho =  % Persistence of output process
B(1) =  % Initial level of debt
 
%Shock process (one unit shock in period 1)
e = zeros(1,P)  
e(1)
 
%Output process (assuming Y(0)=YMEAN)
Y(1) = YMEAN+e(1)
for s = 2:P
Y(s)=rho*(Y(s-1)-YMEAN)+YMEAN+e(s)
end
 
 
%Solution for consumption, net foreign assets and current account balance
for s = 1:P
C(s) = r*B(s)+YMEAN+(r/(1+r-rho))*(Y(s)-YMEAN)  %Consumption function
B(s+1)=(1+r)*B(s)+Y(s)-C(s)  % Period s budget constraint
CA(s) = B(s+1)-B(s)  % Definition of current account balance
end
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� Example 2 (exercise 4 to chapter 2 in Obstfeld&Rogo¤)

� Endowment process

Yt+1 � Yt = � (Yt � Yt�1) + "t+1
where 0 � � � 1 and E ["t] = 0 and E ["t"s] = 0 for s 6= t.

� What are the current account implications of a positive innovation to the
endowment in period t+ 1 ("t+1 > 0).

� (1)-(3) as before
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4. Combine the consumption Euler equation and the intertemporal budget con-
straint to derive expression for consumption in period t as a function of expected
future endowments

Ct = rBt +
r

1 + r

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

Trick! Express the change in consumption as

Ct+1 � Ct =
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
(Et+1 � Et)Ys

where (Et+1 � Et)Ys denotes the revision of expectations of Ys due to infor-
mation that arrives between t and t+ 1
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Ct+1�Ct = rBt+1+
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
Et+1 [Ys]�rBt�

r

1 + r

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

= r (Bt+1 �Bt)+
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
Et+1Ys�

r

1 + r

1X
s=t

�
1

1 + r

�s�t
EtYs

= r

 
rBt + Yt � rBt �

r

1 + r

1X
s=t

�
1

1 + r

�s�t
Et [Ys]

!
| {z }

=CAt=rBt+Yt�Ct

+
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
Et+1Ys�

r

1 + r

1X
s=t

�
1

1 + r

�s�t
EtYs

= rY t�r
1X
s=t

�
1

1 + r

�s�t
EtYs+

r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
Et+1Ys

= rY t�rY t�
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
EtYs+

r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
Et+1Ys

=
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
(Et+1 � Et)Ys

1
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5. Derive the closed form for consumption

(a) Use endowment process to get expression for expected future endowments
as a function of the output innovation "t+1

Et+1Yt+1 = Yt+1 = Yt + �(Yt � Yt�1) + "t+1
EtYt+1 = Yt + �(Yt � Yt�1)

implies

(Et+1 � Et)Yt+1 = "t+1

Et+1Yt+2 = Yt+1 + �(Yt+1 � Yt)
EtYt+2 = EtYt+1 + �(EtYt+1 � Yt)

implies

(Et+1 � Et)Yt+2 = 1 + �)(Et+1 � Et)Yt+1 = (1 + �)"t+1

Et+1Yt+3 = Et+1Yt+2 + �(Et+1Yt+2 � Yt+1)
EtYt+3 = EtYt+2 + �(EtYt+2 � EtYt+1)
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implies

(Et+1 � Et)Yt+3 = (1 + �) (Et+1 � Et)Yt+2 � � (Et+1 � Et)Yt+1
= (1 + �)(1 + �)"t+1 � �"t+1
=

�
�2 + �+ 1

�
"t+1

implies

(Et+1 � Et)Ys =
�
1 + �+ �2 + � � �+ �s�(t+1)

�
"t+1 =

1� �s�t

1� �
"t+1

where we have used the fact that for k < 1;
Pm
i=0 k

i = 1�km+1
1�k
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(b) Substitute into expression for period t consumption

Ct+1 � Ct =
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)
(Et+1 � Et)Ys

r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1) 1� �s�t
1� �

!
"t+1

=
1

1� �
r

1 + r

1X
s=t+1

�
1

1 + r

�s�(t+1)

� �

1� �
r

1 + r

1X
s=t+1

�
�

1 + r

�s�(t+1)

=
1

1� �
r

1 + r

 
1 + r

r
� �(1 + r)

1 + r � �

!
"t+1

=
1 + r

1 + r � �
"t+1

=
1 + r

1 + r � �
(Et+1 � Et)Yt+1
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6. Use the de�nition of the current account to express the current account as a
function of the output innovation "t+1

CAt+1 � EtCAt+1 = rBt+1 + Yt+1 � Ct+1 � rBt+1 � EtYt+1 + EtCt+1
= (Yt+1 � EtYt+1)� (Ct+1 � EtCt+1)

= "t+1 �
1 + r

1 + r � �
"t+1

=
��

1 + r � �
"t+1

� A positive output innovation now implies a current account de�cit

� Permanent income �uctuates more than current income ! consumption
increases more than current output

� Deaton�s paradox: In the data, output growth is positively serially corre-
lated, yet consumption does not respond more than proportionally to output
changes.
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Adding investment to the stochastic in�nite-horizon small open
economy model

� Production function

Yt = AtF (Kt)

where At is a random variable

� Capital accumulation (no depreciation)

Kt+1 = It +Kt

� Preferences

Ut =
1X
s=t

�s�tu(Cs) = u(Ct) + �u(Ct+1) + �
2u(Ct+2) + � � �
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� Intertemporal budget constraint
1X
s=t

�
1

1 + r

�s�t
Cs = (1+r)Bt+

1X
s=t

�
1

1 + r

�s�t
(AsF (Ks)� (Ks+1 �Ks))

where we have imposed the transversality condition

lim
T!1

�
1

1 + r

�T
Bt+T+1 = 0

� Representative agent maximises

Et

1X
s=t

�s�tu((1 + r)Bs +AsF (Ks)� (Ks+1 �Ks)�Bs+1)

= u((1 + r)Bt +AtF (Kt)� (Kt+1 �Kt)�Bt+1| {z }
Ct

)

+�Et

2664u((1 + r)Bt+1 +At+1F (Kt+1)� (Kt+2 �Kt+1)�Bt+2)| {z }
Ct+1

3775
+ : : :
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� First-order condition with respect to Bt+1

u0(Ct) = �(1 + r)Et
h
u0(Ct+1)

i
� First-order condition with respect to Kt+1

�u0(Ct) + �Et
h
u0(Ct+1)

�
At+1F

0(Kt+1
�
+ 1)

i
= 0 (*)

u0(Ct) = �Et
h
u0(Ct+1)

�
1 +At+1F

0(Kt+1
�
)
i

1 = Et

"
�u0(Ct+1)
u0(Ct)

�
1 +At+1F

0(Kt+1
�
)

#

� Recall that if X and Y are random variables then

Cov [X;Y ] = E [XY ]� E [X]E [Y ]

and

Cov [a0 +X;Y ] = Cov [X;Y ]
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� We can rewrite (*) as

1 = Et

"
�u0(Ct+1)
u0(Ct)

#
Et
h�
1 +At+1F

0(Kt+1
�i

+Covt

"
�u0(Ct+1)
u0(Ct)

; At+1F
0(Kt+1)

#

� From the Euler equation Et
�
�u0(Ct+1)
u0(Ct)

�
= 1
1+r

1 =
1

1 + r
Et
h
1 +At+1F

0(Kt+1)
i

+Covt

"
�u0(Ct+1)
u0(Ct)

; At+1F
0(Kt+1)

#
1 + r = Et

h
1 +At+1F

0(Kt+1)
i

+(1 + r)Covt

"
�u0(Ct+1)
u0(Ct)

; At+1F
0(Kt+1)

#
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� Assuming that � = 1
1+r

1 + r = Et
h
1 +At+1F

0(Kt+1)
i

+Covt

"
u0(Ct+1)
u0(Ct)

; At+1F
0(Kt+1)

#

Et
h
At+1F

0(Kt+1)
i
= r � Covt

"
u0(Ct+1)
u0(Ct)

; At+1F
0(Kt+1)

#

� The covariance term is likely to be negative: when the return on invest-
ment is high, consumption is likely to be high and hence, the marginal
utility of consumption is likely to be low

� Riskiness of capital discourages investment (positive risk premium)
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� Certainty equivalence case

Et
h
At+1F

0(Kt+1)
i
= r

� Productivity shocks a¤ect the date t current account balance via two chan-
nels: investment and saving.

� Sign of current account e¤ect depends on the expected persistence of the
productivity shock and the other parameters of the model

� Graph shows the impulse responses of the current account to a 1% inno-
vation in productivity on date t (assuming r = 0:05 and Y = AK0:4)
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